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Nonlinear excitation of second sound in superfluid solutions He 3−He 4 by light waves due to their absorption is 
discussed. Nonlinear wave equations that model the interaction of second-sound waves with light waves are de-
rived, the expression for the nonlinear interaction length is obtained and an order-of-magnitude numerical esti-
mate of the distance at which a second-sound wave could be amplified from a  fluctuation level  up to observable 
values  is performed.  
 
Nonlinear wave interactions that are essentially conditioned by wave absorption in a medium were 
first investigated in the frame of nonlinear optics (see Ref. [1] for a review). For the case of hydrody-
namics this type of nonlinear processes was studies in Refs. [2, 3]. In the present paper the following 
absorption-induced nonlinear interaction is considered: two light waves   and 2 1 EE with slightly dif-
ferent frequencies  propagate in a weak superfluid solution He 3−He 4  at a small angle to each other 
and due to their absorption a second-sound wave with a frequency equal to the difference frequency of 
the light waves is excited and amplified.  
The Hamiltonian approach will be used for describing second-sound wave propagation in 
quantum solutions. For superfluid solutions He 3−He 4 Hamiltonian variables are three pairs of 
canonically conjugated variables ),,( αρ  ),,( βS  ( ξ,N ) [4]. The meaning of these variables is 
as follows: ρ  is the solution density; the quantity α  determines the superfluid velocity v s = 

α∇ ; S  is the entropy density; N  is the number of He3 atoms per unit volume; the fluid unit 
volume momentum in the reference frame moving with the velocity v s is expressed via va-
riables β  andξ  as 

ξβρ    )( ∇ ∇ NSsnn +=−= vvj  

where nρ , v n  are the normal flow density and velocity. The mass flux density I equals to  
                                                         =I sρ  v s + nρ  v n  =  j + ρ  v s, 

sρ  is the superfluid part density.  
For investigating the nonlinear influence of optical waves on second sound-wave propagation we may   
limit ourselves with linear hydrodynamic equations [4] with a nonlinear optical source in the entropy 
equation 
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In these equations  µ  is the chemical potential of the solution, ξ  is the chemical potential of He3  par-
ticles, T is the temperature, Q is the amount of heat emitted per unit volume and time unit due to light 
waves absorption. This quantity is proportional to the square modulus of the optical field .2E  The 
resonant for the second sound part of this quantity at the difference frequency is as follows 

                                                                 till eEE
nc

Q Ω−*
218

 ~ 
π
γ

,  

where lc  is the light velocity, n – is the refraction index, lγ  is the light waves amplitude damping 
coefficient,    ,    where,     21 21 ωωωω −=Ω are the frequencies of the light waves . and 2 1 EE  Let the 
light waves with wave vectors 21 kk  and  propagate at an angle ϑ  to each other. In this case the wave 
vector q of the excited second-sound wave is 

                                                                       ,
2

sin2  ϑω
c

≈q  

here .    21 ωωω ≈≈  
We shall write Eqs. (1) in terms of canonical variables. For this it is convenient to introduce new va-
riables ηϕψν  and  , ,  [4]: .     ;     ;     ;  00 ηρδρδαρϕδψνδ ==== βSSS 00  Here the following vector 
notations are used: ). ,(     ), (S,  ξβ== β S N  The pairs (ν ,ψ ) и (η ,ϕ ) are also canonically conju-
gated variables. Using these variables we obtain Eqs. (1) in the form (we omit ‘0’ for undisturbed 
thermodynamic quantities): 
 
                          

( )

(2)          .            

;       

; 
  

1      11   

;   1    

2

νζζη
ρ
ζ

ρ
ρψ

νµµρη
ρ
µρϕ

ϕψ
ρ
ρ

ρ
ν

ψϕ
ρ

η

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+
∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+
∂
∂

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

−=
∂

∂

⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+
∂
∂

−
∂
∂

−=
∂
∂

+
+⎥

⎦

⎤
⎢
⎣

⎡
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+∆−=

∂
∂

+∆−=
∂
∂

N
N

N
TSN

S
N

S
TSSNTS

t

N
N

S
S

t

T
Q

NSt

t

n

s

 

The Fourier-components of these variables for weak superfluid solutions He 3−He 4  are expressed via 
second-sound normal coordinates qb  as  
 

                                                  

,
2

  

,   

(3)                                 ),(  i

,)(  i

),(1)(  

 ),(  

2/1

2
2

,,

*
2

1

*
2

1
 

*
 

*

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ Ω
=

⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

−⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

−=

−−=

−=

+−=

+=

−
−

−
−

−

−

с
B

c
c

 b bBcГq

 b bBcГq

 b bBγ

 b bB

n

s

ppc

qqq

qqq

qqq

qqq

ρρ
ρ

ρ
ρσ

ρ
ρ
σγ

ρψ

ρϕ

ν

γη

σ

 

 



XIX Session of the Russian Acoustical Society                                    Nizhny Novgorod, September 24-28, 2007 
 
 
 

                                9 

σ  being the entropy per unit mass, c is the concentration, p is the pressure.  
 
Eliminating from Eqs. (2) first ϕ , ψ , then the quantity η , taking into account the relations (3) and 
the fact that there is a nonlinear source in the equation for entropy, we come   to the following equa-
tion for the slow variation of the second-sound  amplitude  qν  with distance:  
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In Eq. (4) the following notations are used: 
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       . 
Let us make a numerical estimate of the distance l at which the second-sound intensity is amplified 
from fluctuation values up to observable values. From Eq. (4) we have   

,  )(  )0(  )(   Alll qflqq =≈− ννν  

where A is the right-hand side of Eq. (4). For weak solutions the variable  qν is expressed via second-
sound intensity as 
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and for the interaction length l we obtain 

Acc
Il

n

s

2

2
1

2

1
2

  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

ρ
ρ

ρ
. 

It can be shown that the thermodynamic parameters entering the expression for A are of the following 
order of magnitude (taking into account in particular that the first-sound velocity 1c is essentially 
higher than that of second sound) 
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Taking into account the above relations we can represent an order-of-magnitude value of the second- 
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sound excitation length as  
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is the light-wave intensity,  .21 EEE ≈≈  

To estimate numerically the distance l we will use experimental data given in Refs. [5, 6]:  
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For the light intensity 2310 ~ W/cmIl  the second sound can be amplified up to intensity 

2310 ~  W/cm−  at a distance  . 1  ~ cm  Note, that from the point of view of an experiment in a super-
fluid orders-of-magnitude higher light-wave intensities  are possible as well if using a pulse mode of 
light propagation (see, for ex. [7, 8]). In this case the excitation of second sound could be considerably 
more effective.  
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