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The results of analysis of dynamic features of azimuthal-frequency structure of sound field is presented in 

the paper. It is shown that internal soliton cause significant refraction of sound rays propagating not just along  
front but and under angle more than 10 degrees at internal waves. The results of numerical modeling for hydro 
acoustic conditions of acoustic trace UD-WVLA of experiment SWARM’95 is presented in paper.  

 
The developing of 3D model of broadband source sound field at presence of internal solitons (IS) 

is presented in given paper. In contrast to models which were used in previous papers of author: [1-3] 
for theoretical analysis of horizontal refraction and [4, 5] for understanding of experimental data, the 
approach presented in the given paper allows to analyze horizontal structure of sound field in broad 
range of angles up to 30± degrees in relation to front of IS. Necessity of approach developed in the 
paper is caused by the following. In practice it is very difficult to orient acoustic trace along front of IS 
exactly. So it is need to analyze data, obtained on acoustic trace oriented under different angles to IS 
front as a rule. For example, similar situation was in experiment SWARM’95 (see Figure 1) 

     

 

Fig. 1 Trace in experiment 
SWARM’95  

Fig. 2 Model of shallow water sound channel.  

 
Let us consider 3D hydroacoustic waveguide in coordinates ),,( ZYX  shown on Figure 2. Wave-

guide is presented as water layer with sound speed profile ),()(),( zrczczrc rr δ+=  (depth dependence 
)(zc  corresponds to experiment SWARM’95 [4-5]), limited by free surface 0=z  and homogeneous 

absorbing half-space - bottom Hz = , with density 1ρ  and sound speed: )2/1(1 αic + , where 02.0=α  - 
defined by absorbent features of bottom ( 20001 =ρ kg/m3, 18001 =c m/s, 02.0=α ). Space varia-
tions of sound speed ),( zrc rδ  are defined by IS: 

 ),()()(),( 2 zrzQNzczrc
rr

ζδ −=   (1) 

Here ( ) 211)( dzdgzN ρρ −= - buoyancy frequency determined by density stratification of water layer, 
g  - gravitational acceleration;  4.2≈Q s2/m – constant determined by physical features of water, ζ - 
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vertical displacements of water layer, which according to domination of first gravity mode )(zΦ , can 
be written in the following form: 
 ),()(),( 0zrzzr

rr
ζζ Φ= , where 1)( 0 =Φ z  (2) 

Here ),( 0zrrζ  - displacements of water layer on depth 0z  (Figure 2). Sound field in shallow 
water waveguide is defined by Helmholtz equation with corresponding boundary conditions:  
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Solution of given equation can be presented by the expression:   
 ∑=Ψ )(),(),,( zrPzr nn ψϕϕ  (4) 

where )(znψ , nq  - eigen functions (modes) and eigen values (modal wavenumbers) of Sturm-
Liouville problem for non-perturbed stratification )(zc . ),( ϕrPn - defined by horizontal distribution of 
modal amplitude in horizontal plane. Within framework of ray approach ),( ϕrPn  can be presented in 
the following form1: 

 
)()(),( ri

nn nerArP
rr θϕ =   (5) 

Here )(rAn
r  and )(rn

r
θ  are defined by eikonal and transport equations correspondently: 

 ( ) ( ),)(1 222 rnq nnnr
r

+=∇ θ  02 2 =∇+∇∇ nrnnrnr AA θθ   (6) 

Here nnn qrqrn ),(),( ϕϕ = ,  where ),( ϕrqn , nq  - wavenumber of mode )(znψ . Within frame-
work of parabolic approximation: 
 )exp(),(),( riqrFrP nnn ϕϕ = , (7) 
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  a)  b) 

1) 

2) 

3) 

Fig. 3 Focusing of sound field on frequency 180 Hz: a) ray structure  
b) modal amplitude distribution; 1) first mode 2) second mode 3) third mode. 

 
Numerical scheme of solution of equation (8) has the following form: 

                                                 
1 In the case, when several rays of same mode are in receiver point, in expression (5) it is need to introduce 
second index corresponding to different rays. See [2, 3].  
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 ( ) ( ) { }{ }),(),(exp),(exp),( ϕϕϕϕ rFFFTrrVqiFFTrrUqirrF nnnnn ∆∆−=∆+  (9) 
Here FFT - operator of Fourier transform in space of ϕ ; ( )1),(),( −−= ϕϕ rnrU nn  - operator in 

space of coordinates ),( ϕr ;  22 2),( rssrVn = - operator in Fourier space of coordinates ),( sr . It is 
shown in the paper [2, 3], that there is significant horizontal refraction of sound rays which leads to 
focusing of sound field horizontal distribution along IS front in the case when source is placed be-
tween adjacent IS (see Figure 3). On Figure 3 a) horizontal rays for modes with numbers 1-3 are 
shown. It is supposed that sound frequency 180 Hz. On Figure 3 b) the corresponding distributions 

)(rF f
n

r
 calculated within framework (7)-(9) are shown. There is significant horizontal refraction of 

sound rays which leads to defocusing of sound field horizontal distribution from IS front in the case 
when source is placed on crest of IS (see Figure 4). On Figure 4 a) horizontal rays for modes with 
numbers 1-3 are shown. It is supposed that sound frequency 180 Hz. On Figure 4 b) the corresponding 

distributions )(rFd
n

r
 calculated within framework (7)-(9) are shown. 

  a)  b) 

1) 

2) 

3) 

Fig. 4 Defocusing of sound field on frequency 180 Hz: a) ray structure  
b) modal amplitude distribution; 1) first mode 2) second mode 3) third mode. 

 

We use value ),( ϕδ rFn  for analysis of azimuthal-frequency distribution of sound field fluctuations 
caused by IS  which is defined by expression: 
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Here ),( ϕrF f
n , ),( ϕrF d

n  - horizontal distribution of modal amplitude with number n , corresponding 
to focusing and defocusing along IS front. ),( ϕrFn - horizontal distribution of sound field at absence 
of IS. Value ),( ϕδ rFn  - is relative amplitude of fluctuations of modal distribution sound field in hori-
zontal plane. On Figure 5 It is shown the azimuthal-frequency distribution of relative amplitude 

),( ϕδ rFn  for first mode 5 a), second mode 5 b), third mode 5 c). Azimuthal-frequency distribution 
presented on Figure 5 corresponds to three values of distances r  between source and receiver. Figure 
5 1) 5=r  km, 2) 5,7=r  km, 3) 10=r  km.  As it follows from results presented on Figure 5 the fre-
quency ranges corresponding to maximal fluctuations of horizontal distribution are different for differ-
ent modes. That one confirms conclusion of papers [2, 3] about selective nature of horizontal refrac-
tion caused by IS in relation of both frequency range and modal structure of field.    
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 a) b) c) 

1) 

2) 

3) 

Fig. 5 Azimuthal-frequency distribution of fluctuations amplitude:  
a) first mode b) second mode c) third mode; 1) 5=r  km 2) 5.7=r  km 3) 10=r  km. 

 

However it should be noted that these frequency ranges are varied significantly in dependence 
from distance and angle частотные диапазоны. Work is supported by “Dynasty” Foundation. 
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