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We develop a possible linearized asymptotic approach to predict turbulent components of the velocity field in a
homogeneous flow at high Reynolds numbers. By an explicit view, the proposed approach looks like the Orr-
Sommerfeld averaging method in theory of stability of laminar flows. However, the proposed method is different
from that approach both by its physical essence and by the applied mathematical technique. In frames of a two-
dimensional problem, there is applied a linearization of Navier-Stokes equations in dynamics of viscous
incompressible fluid in a channel, when the turbulent oscillations of the velocity field are small when compared
with the main averaged flow. The mean velocity is assumed to be known from the given fluid consumption. For
simplicity, the unknown function of the through velocity distribution is approximated by a polyline. There are
studied the regimes when oscillating and non-decaying in time solutions can arise. The considered linearized
boundary value problem contains an unknown function of the averaged flow velocity. In this study we consider
only regimes symmetric with respect the central line of the flow. The solution to the studied linearized boundary
value problem is constructed asymptotically for high Reynolds numbers. After all this the so-constructed
oscillating solution is substituted into averaged Reynolds equations that allows us to determine the width of the
boundary layer, which is present as an unknown quantity in all equations as a result of the applied polyline
approximation. Such an approach gives a clear instrument to the analytical definition of the sound field
generated by a homogeneous turbulent flow.

Problem formulation. Let in a thin channel |y [<h of the width 2h be a flow of viscous

incompressible fluid. Then the fluid motion is described by the Navier-Stokes equations and by the
equation of continuity [1,2], which in terms of flow function have the form:

0 oy 0 oy 0
—Al//-l——W—Al//——W—Al//—VAAl//:O, (1)
ot oy oX ox oy

where v is the kinematic viscosity, and the flow function y is introduced by the relations: v, = 88_1// ,

y
0
v, = _6_W , where V = {VX,Vy} is the velocity vector of the fluid particles. The boundary conditions
X

are the conditions of adhesion of the particles to the walls v, =0, v, = 0, y==h that in terms of
flow function is equivalent to the conditions:

a—Wzo,a—l'//:O,yzih. 2)

oy OX
Let us assume that the velocity field at any time moment t is a sum of the mean flow U (), directed
along the length-wise coordinate X, and small perturbations, added to the mean stream:

V(6 7,0 =U ) 4V, (69,0, ¥, (6 Y, 0 =V, (61,0, ()

where the main component of the velocity field U (Y) is assumed to be independent on time as well

as on the through coordinate X, and the additional turbulent oscillations are assumed to be small when
compared with the mean flow U(Yy). This assumption is based on qualitative properties of the

turbulent floes and is generally recognized [1-4]. In frames of such an approach the mean flow U (y)
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y
is related to the flow function W(Y): U(y):%P, %—X:0:>‘~P(y): jU(y)dy, and then
, | o' oy

‘//(Xa y,t) = LP(y)—i_‘// (X, y,t) >, TIC v X (Xa yat) :E’V y (X’ yat) = _E

Now (1) takes the form:
o(Ay") oY oAy') oy o(Ay") oy’ o(AY) oy’ o(Ay')
ot oy OX oy  Ox ox oy ox oy

Let us investigate this equation under the condition of the given flow consumption:
h
IU(Y)dY= D, (5)
h

where the constant D is known being independent upon tand X.
Then the asymptotic analysis for high Reynolds numbers Re=2hU,/v=D/v (where

—VAAY —VvAAy'=0  (4)

U, =D/(2h)is the average velocity over the profile) is equivalent to the assumption that the

viscosity v is small, i.e. Eq.(4) should be studied as v — 0. In this case the next to last term in Eq.
(4) can be neglected. The last term in that equation cannot be neglected since this reduces the true
order (equal to four) of the differential equation. Besides, due to smallness of the turbulent
components compared with the mean flow, we can neglect the both nonlinear terms.
Taking into account the above assumptions Eq. (4) can be rewritten in the form:
ot OX

Since the mean flow will be constructed so that to satisfy the adhesion condition, the same conditions
should be satisfied by the perturbed flow:

oy' 0
PV _0,y=1h, @
OX oy
In the developed flow any moment of time can be formally chosen as an initial moment:
t = 0. It is assumed that such a turbulent flow is stable enough to small perturbations of the oscillating

component of the velocity vector. If so, then this can be arbitrarily given as a small addition. Let us
take the following initial condition:

2
V' (X, Y,0) = 5(1 - #J cos(x/L), V', (X,¥,0) =0, @®)

where L is a certain characteristic size along the axis of the channel.

Symmetric solution. Let us apply the natural approach to the problem under consideration,
when the unknown function of the lengthwise velocity distribution is approximated by a polyline. In
the present work we restrict the consideration by the case of symmetric flow only (with respect to the

channel axis Yy = 0). Under such an approach the quantity y, =h—y, designates the width of the
boundary layer (Y, << h), and the value of the velocity in the channel central zone |y I[<Y, is

asymptotically equal to the mean flow velocity U, due to an asymptotically narrow boundary layer

and its asymptotically weak influence to the value of the integral in (5).
As soon as in the both zones U''(y) = 0, hence Eq. (6) is equivalent

a(AatV’)w(y)a(A"’) VAAY'= 0. )
Let us apply to Eq.(9) the Laplace transform with respect to t:
W' (%Y, p) = j w6y, e Mdt, p (Yt = o j v'(%y,petdp.  (10)

—ioo
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Then Eq. (9) becomes

28 ix *IX
PAY'+U (y)——~ ( l’”) VAA(//'IA(//'L=O=—h—2yCOS(X/L)= el y( Ty /L) (11)
It can now be easily seen that due to linearity of Eq. (11):
(%Y. p) =y (Y, pet (. pe (12)

For some time, let us omit parameter P in arguments of all functions, for the sake of brevity,
considering it as a parameter. For the same reason, let perform all mathematical transformations only

for the case "’ . The case e ™" can be easily obtained from all further formulas replacing L by
— L. For all that we omit the subscript £ L. Due to the symmetry, it is sufficient to study the zone
y > 0 only. In the central part of the channel the solution has the form:

y
- sh &
v, (=L[shI 1 c, o) ¢ _lgpicLshy osy<y,. (13)
7 L V7o hovy, L
iU
where y, = BJr—OJrL . Obviously, from two possible branches of the root square we choose
v Ly L

the arithmetic branch, for which Re(y,)>0.
On the interval Yy, <y<h it is convenient to introduce a local variable ¥=h-y,

0 <y <,. Then, with the use of the WKB-method [5], we can construct the following solution in the
boundary layer:

y 77 e§(’7) e —&(m) g h-=- n V y
w',(y)=L|sh C, dn+C;sh=+C,ch=,
2 I T v LT
@)= ramdn, =P+ L L ocyey, (14)
0 1% Lvyl

It follows from the boundary conditions (8) that C; =C, =0. By using an asymptotic estimate of
some integrals by the Laplace method [6], from the boundary conditions we can obtain the following
4 x4 linear algebraic system for the unknown quantities (C,, C,, C,, C,):

5]
e/z Sh(y—l/LB)M _as —Shﬁ fl
7oL (p 1 j L
t
v L
5]

e3/2 Ch(yl / I_3)/4 bS Chﬁ f2

Yo (p 1 j L : (15)
T
v L
e e -sh(z,¥,) 0 |0
iU iU
e 1——0] —e™ (1+—°] ch(y,y,) 0 f
( 4Ly, 4Ly, " 3
where the following notations are introduced for integrals which can be calculated explicitly:
Yo — yo ieU,y,
sh 7 sh dn, b, = ch 7 sh dn, f=————5—,
\/ZJ- L (yomdmn, \/—J- (rom)dn, T, h2V2}/09/2Ly1
Y
£ y,—nh-n Yo~

f = sh2L d sh d7, 16
‘ hzvg L »*(n) hV70'[ L o (19
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Y1

f, i .[Chyl 7 h nd77+ £_{chdo nndn.

Chve Lo v L
The principal determinant of this system is
1 y 1 y iU
A=——|sh22+—ch=2]ch —|1+——2—sh — 17
sh(h/L iU 1 |sh +1/L)[ sh -1/L
_eé ( ) Ch(yoyo)_’_(l_ 0 3j8h(70y0) _ { [yo(70 )]_ [yo(70 )]}
4wy Ly 7 7o +1/L 7, —1/L

3/4
E-3)
v L
Hence, the solution to this system (17) can be constructed by using the Kramer’s rule:
C,=A/A, C,=A,/A, Cs=A,/A, Ci=A,/A, where A,, i=1,..4 are particular
determinants, which are obtained from the principal one by the change of the 1-th column by the
vector from the right-hand side.

The substitution of these relations to (13) and (14) allows us to express the solution both in the
mean and in the boundary-layer zones in its explicit dependence upon Laplace parameter P . The

inversion of the Laplace transform by the second formula (10) shows that the deformation of the
integration contour to the left half-plane Re(p) <0 results in a decaying with time solution, if the

principal determinant A(P) has no zeroes on the imaginary axis [7]. The equation A(p)=0

generates the sets @, , L, where o, is real-valued and A(i®,)=0. Then we can extract from the

8,(P) _ (o ~VLN7, Cp) o _ Au(P) _ 1Ca(p)

system (15) C.,C, :C, = , = = , that leads
BEN() L A(p) " AP L A(P)
to the asymptotic representation of the function y', for large time:
l//vl(x’ y,t)N C6' ('Iwn) ei(x/L+a)nt)Shl+ CS' (.Ia)n) ei(x/L+wnt) yosh(yoy)_lshl _
A(lo,)| L Allw,)]| . L L
_C6 (_la)n) eii(X/LHo"t)Shl{— C5 (_Ia)n) ei(X/L+wnt)|:7OSh(7/0y)_lshl:‘ . (18)
Ao, | L AC-e,)| _ L L

By analogy, we can write out a respective representation for ', too.

Now one can perform the averaging of the nonlinear equations (3) in the central zone of the
channel:

oy', o(Ay')) _ oy’ o(Ay'))
oy OX OX oy

This equation (19) allows us to obtain the value of the width Y, of the boundary layer.
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